We derive exact formulas for bipartite von Neumann entanglement entropy after partial measurement in 1 + 1 dimensional conformal field theories with periodic and open boundary conditions. After carefully defining the measurement set up we will check the validity of our results in the case of Klein-Gordon field theory (coupled harmonic oscillators) and spin-1/2 XX chain in a magnetic field. The agreement between analytical results and the numerical calculations is very good.
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PACS numbers: 03.67.Mn,11.25.Hf, 05.70.Jk Entanglement and measurement are two important and puzzling concepts in quantum mechanics [1] . In the last couple of decades the first one attracted a lot of attention in the high energy physics and the many body condensed matter physics mostly due to the area law property of bipartite von Neumann entanglement entropy which is the most celebrated measure of entanglement [2] . In one dimensional quantum systems while the area law is usually valid just for massive (gapped) systems for the critical systems the entanglement entropy of subsystem with the size l of the ground state follows the logarithmic formula S = c 6 log l, where c is the central charge of the underlying conformal field theory (CFT) describing the low energy behavior of the critical system [3] [4] [5] . Since the central charge of the system usually can fix the universality class of the system calculating entanglement entropy for a system can give a lot of insight about the possible universality class of the system. In particular, since numerical calculation of the entanglement entropy by using the technics of DMRG in one dimension is now a well-known method [6] one can easily study the critical and non-critical properties of the quantum systems in one dimension by studying the entanglement entropy. It is worth mentioning that entanglement entropy is not the only quantity which gives directly the central charge of the system. Among other measures one can name, mutual informations [7] [8] [9] and quantum contours [10] , see also other related works [11, 12] . The former one is based on local measurements in particular basis, so called conformal basis [7, 9] . One of the simple properties of the entanglement entropy which makes it more appealing in numerical calculations with respect to other measures such as Shannon and Rényi mutual informations is that it is completely independent of the basis that we write the wave function. However, since it is a very non-local quantity it is not an easy quantity to be measured in the experiment, for recent developments see [13] [14] [15] . Since a measurement, by definition, is done in particular basis and von Neumann entanglement entropy of many body system is a basis independent quantity it seems hard to combine the two concepts and still have some universal features. Consider the ground state of a many body system, if we do local measurement of a lo- cal quantity in some part of the system that part will be disentangled from the rest and at the same time the rest of the system will collapse to a wave function which its entanglement content will be dependent on the basis that we chose for our our measurement and of course to the outcome of the measurement. In a recent development [7] it is shown that although, in general, doing measurement in arbitrary basis is not compatible with CFT set up there are some basis (conformal basis) that are closely related to boundary CFT. In other words if one makes a measurement in these basis one can still hope to preserve some of the universal properties of the system and be able to calculate the entanglement entropy. Analytical calculation of bipartite von Neumann entanglement entropy after measurement in conformal basis is the main purpose of this article. To do that we first define our set up and fix our assumptions and then we will analytically calculate entanglement entropy using twist operators of CFT. Exact formulas will be derived and then we will check the validity of our results by explicit examples in field theory such as Klein-Gordon field theory (coupled harmonic oscillators) and in quantum spin chains such as, XX model in a magnetic field.
Bipartite entanglement entropy after measurement in CFT. The basic setup for our problem is as follows: consider the ground state of a periodic critical system in one dimension with the total size L. Then we make a measurement in the subsystem A with the length s of this system in particular local basis. After the measurement the subsystem A will be decoupled (unentangled) from the complementĀ. However, the wave function of the subsystemĀ after measurement, i.e. ψĀ, is highly entangled. In other words if we take a subsystem B ⊂Ā it will be entangled withB, where B ∪B =Ā. From now on we will take the length of the subsystem B equal to l and for simplicity we will take B andB in a way that they are adjacent simply connected domains. Here we are interested to calculate the entanglement entropy of the subsystem B with respect toB, i.e. S B , in a critical quantum chain. To calculate such a quantity it is first useful to think about the Euclidean version of the system after measurement. For a periodic boundary conditions using the transfer matrix approach one can simply map the system after measurement to a cylinder with a slit on it as it is demonstrated in Figure 1 , see [8] . In general this system is not necessarily an example of boundary CFT except for those cases that the subsystem A after measurement picks up a configuration which renormalizes to a boundary CFT. We will discuss this important issue later in the case of critical spin chains. Now if we consider that the outcome of the measurement leads us to a boundary CFT, then based on the Cardy-Calabrese argument [5] the calculation of the entanglement entropy S B should boil down to the calculation of the one point correlation function of twist operator sitting on the border between B andB on the cylinder. In other words we have:
where T n is the twist operator with conformal weight h n = cn 24 (1 − 1 n 2 ) and c is the central charge. The one point function of the twist operator on the cylinder with a slit can be easily found by mapping the system to the upper half plane by using the map z(w) =
and the following well-known formula of CFT [16] :
is the one point function on the upper half plane H. a is the lattice spacing and we took the coordinate of the twist operator at s 2 + l. Putting all together we will have
where γ 1 is a constant and the dots are subleading terms. Notice that in the above formula s can not go to zero because cylinder with a slit is topologically different from cylinder. To get the result for before measurement case one can simply put s = a which is the smallest scale in the system, then we will have
which is the well-known result for the bipartite entanglement entropy in CFT [5] . In the next sections we will verify the validity of the above equation in two important cases: Klein-Gordon field theory (harmonic oscillators) and the critical XX model.
Harmonic oscillators. In this section we would like to calculate bipartite entanglement entropy of the ground state of coupled harmonic oscillators after measuring the position of a string of oscillators. Consider the Hamiltonian of L-coupled harmonic oscillators, with coordinates φ 1 , . . . , φ L and conjugated momenta π 1 , . . . , π L :
The ground state of the above Hamiltonian has the following form
One can calculate the two point correlators X D = tr (ρ D φ i φ j ) and P D = tr (ρ D π i π j ) using the K matrix, where ρ D is the reduced density matrix of domain D.
The squared root of this matrix, as well as its inverse, can be splitted up into coordinates of the subsystems D andD , i. e.,
PD .
The spectra of the matrix 2C = √ X D P D , can be used to calculate the entanglement entropy, see [17] and reference therein, .
Now if we do measurement on the position of all the oscillators {φ i } ∈ A they will take some definite values and eventually will get decoupled from the rest of the oscillators. In other words the final state will be the same as (5) but instead of K 1/2 we need to consider (K 1/2 )Ā which is a subblock of the matrix K 1/2 corresponding to the oscillators in the subsystemĀ. This means that we now have a new Gaussian wave function and one can calculate its bipartite entanglement entropy with the formula (9). The results for the short-range harmonic oscillators (discrete Klein-Gordon field theory) is shown in the figure 2 which shows a perfect agreement with the equation (3) if we consider c = 1 which is the central charge of the free field theory.
XX model in a magnetic field. In this section we would like to calculate bipartite entanglement entropy after measurement in XX model in a magnetic field. The method that we use can work equally for all the other spin chains that can be mapped to free fermions. The Hamiltonian of XX model is as follows:
After using simple Jordan-Wigner transformation, i.e. , the Hamiltonian will have the following form
The entanglement entropy of a subsystem can be calculated easily, see [18] , by first calculating the reduced density matrix ρ B = Ke it, the final formula is
The matrixH is related to the correlation matrix C asH = log(C −1 − 1). In our case the correlation matrix for infinite system has the form
, where n f = arccos |h| π . Looking to the Jordan-Wigner transformation it is easy to see that any measurement in the σ z basis on particular site can be translated to the measuring the number of fermions in that site. In other words if one measures the σ z in all the sites of a subsystem with size s the outcome will be one of 2 s possible configurations which can be easily translated to the configurations made of presence or absence of fermions in the sites of the subsystem. For simplicity we first consider that the outcome of the measurement is a string of s fermion occupied sites. This can be calculated easily by using Grassmann numbers by first calculating the reduced density matrix for a sub-system with length l+s and then finding the reduced density matrix of the subsystem with length l with the assumption that the outcome of the measurement in the subsystem s is a string of filled sites. The method is explained with full detail in the supplementary material. The results for different filling factors are shown in the Figure 3 . There are some comments in order: first of all because of the U (1) symmetry of the XX model the number of particles in the system is conserved and for this reason as far as n f is small it is very difficult to have a string of sites with fermions. In other words for example in the XX model with h = 0 the most probable outcome is an antiferromagnetic string rather than ferromagnetic string. In [8] it is already conjectured that for the half filling case most probably the ferromagnetic configuration is not going to lead to a boundary conformal field theory and so the very . The full line is the function (10) with c = 1 and γ2 = −0.02.
first assumption that we used is going to fail. Despite this argument we found surprising that for l > ( (3) works perfectly. The reason that for larger n f the formula works better is because for larger n f the probability of having ferromagnetic string increases and so one does not need to inject particles in the system.
One can also check the results for those cases that the outcome of the measurement is antiferromagnetic string. It is expected that this case leads to Dirichlet boundary condition in the bosonization language and so it is related the boundary CFT. The results presented in the Figure  4 indeed show that the formula (3) works perfectly also in this case. Since the ferromagnetic and antiferromagnetic configurations are at the two extreme sides of the all possible configurations based on the above numerical results one can conjecture that independent of the outcome of the measurement in the σ z basis the formula (3) will work if the l is bigger enough than s. Note that Since the number of configurations increases exponentially this conjecture is beyond what we can check numerically.
Open boundary conditions One can also do all the CFT calculations in the case of open boundary condition, the only difference is that now we have a strip with a slit instead of a cylinder. One can simply map a strip with a slit to upper half plane by using the map
2L
. After some algebra we have
The limit s → 0 simply gives us the well-known formula
, see [5] . We have checked the validity of this formula in the case of short-range harmonic oscillators using the same method that we hired for the periodic BC. The results shown in Figure 5 are fairly compatible with the formula (10). We noticed that although the log formula is perfectly compatible there is almost 8 percent deviation from central charge that might be due to finite size effects.
Conclusions. We described a general set up for calculating bipartite entanglement entropy after local measurment in critical one dimensional quantum systems. Exact formulas were derived for bipartite entanglement entropy after "conformal measurements" in the case of periodic and open boundary conditions. The formulas were checked in explicit examples of free bosonic system and XX model in a magnetic field. We noticed that since bosonization of XXZ model in the σ z basis leads to free bosonic system the antiferromagnetic outcome of the measurement in this basis should be compatible with the results of free bosonic system [8] . In the case of XX model in a magnetic field we showed that if we do our measurements in the σ z basis independent of having ferromagnetic or antiferromagnetic outcome for our measurements the bipartite entanglement entropy in particular regimes can be described with CFT formulas. There are interesting questions remained to be answered: first of all in our free fermion approach we were able to handle just σ z basis, it is important to look to the other basis especially σ x basis by using exact diagonalization methods. Another interesting question is investigating the same questions in the case of non-critical quantum systems and the validity of the area law. Some of these questions will be discussed in a forthcoming paper [19] . Finally understanding the problem in the holographic set up [20] will surely help to extend some of these results to higher dimensions.
